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APPENDIX II.—NOTATION

The following symbols are used in this paper:

C, = undrained cohesion, in kilopascals;
E = Young’s modulus of ideal elastic soil, in kilopascals;
E\, E;, E,, E, = pressure meter moduli conventionally defined with Poisson’s
ratio equal to 0.33 on standard test curve E, and on
“au?oforeuse” probe test curve: tangent modulus at failure
E, initial tangent modulus E, and secant modulus at failure
E,, in kilopascals;
F = pressure meter curve function, in kilopascals;
f = stress-strain function, in kilopascals;
I, = index of remolding;
K, = coefficient of lateral earth pressure at rest;
P = pressure in probe;
= initial horizontal pressure;
¢ = creep pressure (pression de fluage) in standard test;
P, = theoretical limit pressure in pressure meter curve;
P, = conventionnal limit pressure in standard test;
r = initial radial distance in cylindrical coordinates;
u, = radial displacement;
vertical coordinate;
shear strength factor for remolded soil;
shear angle;
circumferential strain;
, = radial strain;

1]

m 2 N
]

m
il

0 = angle coordinate;
A = function for rest of integral of limit pressure;
v = Poisson’s ratio;
p = radial distance in deformed state;
o, = radial stress;

o, = vertical stress;
o, = circumferential stress; and
7 = maximum shear stress.

Subscripts.
f = failure at contact of probe; and
0 = values at contact of probe.

r
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Seepage Analysis of Earth Banks Under Drawdown

By Chandrakant S. Desai,' M. ASCE

INTRODUCTION

The class of problems known as transient unconfined seepage under drawdown
conditions in porous media is analyzed by using a finite element procedure.
There are many publications available on general seepage problems; only
those publications directly relevant to this category of problems are referenced
herein. Although the formulation developed herein is general, it is used for
solution of free-surface seepage in long river banks (or dams) subjected to
gradual drawdown conditions in the external water levels. This situation has
significant applications for stability analyses and computations of fluid flow
from banks and dams.

Specifically, the procedure is used for seepage analyses in the pervious
banks of the Mississippi River. In designing protective structures for the
riverbanks, it is essential to compute precise locations of the changing free
surface as a consequence of changes in the river floods. Conventionally,
such designs are performed on the basis of sudden drawdown conditions
which may result into conservative designs (1,6). The procedure developed
herein could allow evaluation of the free surface for gradual (and sudden)
drawdown in the riverbanks and thus could provide data for more precise
stability analyses.

Two examples are solved by using the proposed finite element procedure.
In the first example, the numerical solutions are compared with resultsffrom
laboratory experiments with a long parallel-plate viscous-flow model which

Note.—Discussion open until April 1, 1973. To extend the closing date one month,
a written request must be filed with the Editor of Technical Publications, ASCE.
This paper is part of the copyrighted Journal of the Soil Mechanics and Foundations
Division, Proceedings of the American Society of Civil Engineers, Vol. 98, No. SM11,
November, 1972. Manuscript was submitted for review for possible publication on
December 8, 1971.

1Research Civ. Engr., Soil and Rock Mechanics Branch, U.S. Army Engineer Waterways
Experiment Station, CE, Vicksburg, Miss.
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simulates a long riverbank. The second example involves actual field observa-
tions at a section along the banks of the Mississippi River. The U.S. Army
Corps of Engineers has installed a number of piezometer stations along the
banks and periodic readings of river stages and the corresponding piezometric
heads are recorded. The field observations at the section are compared with
the solutions from the finite element method.

In dealing with an infinite medium such as a riverbank, the inherent nature
of a numerical technique requires that only a significant portion of the infinite
medium be included in the analysis as the discretized assemblage (5). The
selection of the significant portion requires adequate study and is influenced
by various factors. Some criteria for discretization of such infinite media
are suggested herein on the basis of the experimental observations and a
number of numerical solutions. In order to illustrate the use of the procedure
in accounting for different possible soil properties, a series of solutions is
obtained for a range of possible permeabilities in a bank section.

Due to many parameters that may require consideration, it is relatively
difficult to evolve general design curves from a nymerical technique. Design
criteria, however, may be developed for situations of common occurrence
with common geometric and material properties. Some projections on this
topic are also presented.

FINITE ELEMENT FORMULATION
Governing Differential Equation.—The differential equation governing two-

dimensional steady flow in a long riverbank or a dam shown schematically
in Fig.1 is expressed as (5,10)

] 3 3 3
—(k,—¢)+——(ky—¢—)=o
ax ax dy oy

in which k_and k, = the coefficients of permeability in the x and y directions,
Y
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Fig. 1.—Schematic Representation of Flow in Porous Media
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respectively; and ¢ = the total fluid head. Eq. 1 is based on the Darcy

law expressed in matrix form as

{vi=-I[Rl{g} i
i inui iti in the flow domain (10).

d on the fulfillment of the continuity conditions in t
?: Eq. 2, {V}T = the velocity vector, [V, v,5; {g}T = the vector of

k. 0
gradients, [a—q’ ﬂ], and [R] = the matrix of permeabilities = [ 0" . ]
ax ay Al
The boundary conditions associated with the free-surface flow are (Fig.

1Y)

...................
................

SEREHEATCTICH TN Al el a6 - B SANS 065 B SO o oBBE Ga)
oY ax oy ay 3b)
_— = QONS, ..ttt e

and k, Al X 6 2

HEE@c)

and ¢ = Y(x,y,t)on the free surface and on the surface of seepage

Here S, is the part (entrance face) of the boundary on which  is prescribed;

Y

(*129y)

(%2292)
Fig. 2—Quadrilateral Finite Element

S, is the part on which flow, Q, is prescribed; Y represents the elevation
2

head; and n denotes normal to a boundary. ;
The variational functional corresponding to the governing Eq. 1 can be

expressed as (5,19)

MR

......
.............
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Finite Element agd Field Variable Model.—A four node isoparametric quadri-
lateral elep1ent (Fig. 2) is used (5,7,8). The field variable model describing
an approximate variation of ¢ within the element is

i (tst)i=ENTG Lo LS Pl e e e 0 L (a)

in which s and' t are the natural coordinates of the element; {N}7T =
[N,N,N;N,] is the vector (or matrix) of interpolation functions; and {q}7
= {¥,¥,¥;¢,] is the vector of nodal heads. The values of N, for the
system shown in Fig. 2 are I

1
A s (SR R W REH S ot st o (5b)

The coord.inates x,y of the element are also expressed by using the same
interpretation functions

B )
’ o arllyd ©)

in which {x,}T = [x,x,x,x,] and {y,}7 = [ i
§ T =Ly, y,y . The gradient
vector can be computed from Eq. 5a as s ~

Y
ax
{g}= T RIS R T Tl T o o oo or aiio 92 ¢ (Ta)
ay
in which the submatrices [ B;] are given by
dN. oN.
[B,]T= [a—x' a_yl] ................................ (7b)

ﬂz _612
) ax e as‘

3_‘1’5 allls ........................... o)
dy ot

in which [J] = the Jacobian matrix.
Element Equations.—Substitution of Eqs. 5, 6, and 7 into Eq. 4 yields

A={q}T[Sf[BTI[R][Bldet([J]){q}dsdt .............. ®)
v

Extremization of A in Eq. 8 gives the element equations for steady-state
seepage

BRE{q) = 0200 nonics oo ad o b @il siana 60 0 el Jhaoie g o )
in which [k] = fff[BT][R][B]det ([J]) dsdt and is referred to as

\4
element permeability matrix (5), and {q} = vector of element nodal heads.

sM 11 SEEPAGE ANALYSIS 1147

The assemblage equations are obtained by adding element equations by using
the direct stiffness method. Such assemblage equations after introduction of
the boundary conditions such as ¢ = ¢(t) (Eq. 3a) can be written as

O RO RS R v el Lo S ST G N (10)

in which [K] = assemblage permeability matrix, {r} = assemblage nodal
head vector; and { R} = assemblage nodal forcing parameter vector. Natural
boundary conditions such as Eq. 3b are automatically satisfied in the variational
formulation.

Determination of Changing Free Surface.—Under a small change in the external
head, (Fig. 3) the free-surface experiences corresponding movements. In the
solution scheme, the transient problem is divided into a number of steady-state
problems and Eq. 10 is solved to obtain values of nodal heads and velocities
for a given time level. The domain of flow for such solution is defined
by the free surface at that time and the impervious boundaries (Fig. 1).

FREE SURFACE ELEMENTS
FREE SURFACE

FREE SURFACE
NODES

NODAL LINES

MOVEMENT OF FREE
SURFACE FOR 4 ¢t

Fig. 3.—Movement of Free Surface

As the problem is actually transient, the conditions of null normal flow and
velocity across the free surface are not satisfied. The nonzero values of
the velocities at the nodes on the free surface are computed from the computed
heads at the nodes of the elements along the free surface. The velocities
are evaluated by using Eq. 2. Because the velocities thus computed are those
based on Darcy’s law, the actual particle velocities need be computed
2,3,5,9,11). The particle velocity vector {Vp} is obtained as

1
{Vp}=7{V} ............................... (1)

in which f = porosity of the medium.

The normal movements of the particles at the free-surface nodes are computed
by multiplying the normal component of the velocity, Eq. 12 following, by
a given time increment At. This permits evaluation of the new coordinates
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of the free-surface nodes. A new finite element mesh is now generated by
modifying the coordinates of the nodes in the flow domain. To facilitate
such modifications, a number of nodal lines (Fig. 3) are fixed by assigning
angles a which they subtend with a bottom boundary. These lines retain
their orientation during the drawdown. Further simplification is obtained by
locating the nodes along a nodal line at equal vertical and horizontal distances.
The procedure can permit modification of coordinates of a portion of the
mesh in the neighborhood of the free surface. The mesh in the zones that
may not experience movements can be kept fixed. The following equations
summarize the process of modification of the mesh:

SOV Ve
Vi=—————
: (12q)
............................ a
5 _ LAt et
i 2
for all free-surface nodes except at entrance and end faces.
V,=VrandV =vr. ... .... L e NPCTL N Y Y (12b)
at entrance and end faces
(V,sing + V, cos 6)
V= m———————— T e e e e e e e e (12¢)
%
D5 NI B s o0 070 orera R irha b b 0 ciodl ol Bl shlo-d @ (124d)
die B 0 (12e)
u = | B LR T8 0 8 AP0 o Bih o ¢ 0 TR el ol s B o e
cos B 2
1,2 TR B E S ot ool o 00 DU & A5 oy Wl £ et £ s (12))
B STRBND 0 0 0 0 diirarehs 6 0y0.0 0 040 6 6.0 0.0 0600 0000666 (12g)
S sl R e SO RS P RSt S R e S (12h)
SNl B S e S SO A B Tt i e & (129)

in which i denotes a nodal point, and j denotes a time level. Other symbols
are explained in Fig. 3. As the field variable model, Eq. 5, yields discontinuous
velocities at a node between two elements, an average of the velocities at
that node is adopted for computing the foregoing movements (first two equations
of Eq. 12). A number of iterations may be performed at each time increment
in order to improve satisfaction of the conditions at the free surface, Eq.
3¢ (5,18). If the time interval is small, one to three iterations are sufficient
for an acceptable solution.

Similar procedures have been recently employed by France, et al. (9) for
steady unconfined and sudden drawdown analyses. Neuman and Witherspoon
(17) have used a finite element iterative procedure for unsteady seepage with

sM 11 SEEPAGE ANALYSIS 1149

a free surface. It is based on an averaging scheme that leads to a stable
higher order time integration.

APPLICATIONS

Example 1, Comparisons with Laboratory Tests.—A number of experiments
were performed with a large parallel plate viscous flow model. The model
simulated a long pervious riverbank. Models with various entrance slope ang!es
were tested. A typical result for slope angle equal to 45° is included herein.
The approximate length and height of this model were-30.0 cm and 50 cm,
respectively (Fig. 4). The level of fluid in the reservoir in the mod'el was
raised at a certain rate, allowed to stabilize at 25 cm height of fluid, and

LEGEND
2 o ~NODES
o INITIAL HEAD=25 CM & ELEMENTS
s L{ G pasnerizen
INITIAL FREE SURFACE (STEADY
:1 3 )FACE REACHED IN LABORATOR TEST) \
- : :
\
¥ AT
l' v el AN | ; ; T
& 1 1 i 1 1 1
o 10 20 3‘0 40 5‘0 80 70 80 90 100 110 120 130 140 130 160 170 180 180 200 210 220 300

DISTANCE FROM TOE, C™
LENGTH = 300 CM 1

Fig. 4.—Parallel Plate Model (Entrance Angle 45°) and Finite Element Mesh

LEGEND

EXPERIMENTAL
—— FINITE ELEMENT

k=0.236 CM/SEC
£=10
o AL=10 S‘EC

°o 3&0 8(‘)0 9(170 1200 0 llo 210 ;o 4‘0 5‘0 GIO 7‘() e'o 9‘0 IOIO 1o IZIO l.’;o Idlo ISIO 18‘0 |7lo :Qo 19‘0 260 2:0 220
IME, SEC
a. HEAD VARIATION b. AT TIME=900 SEC (=45°)
DURING LABORATORY
DRAWDOWN

Fig. 5—Comparison of Results and Variation of External Head

then was allowed to fall as shown in Fig. 5(a). The movements of the
free surface were recorded photographically. The fluid used was silicone fluid,
which is found to experience little fluctuations in its properties with ambient
temperature changes (3,4).

The equation governing the flow through the model is analogous to Eq.
1, in which the equivalent permeability of the model, k,, is obtained as
(6,10)

3p

in which b = half width of gap; p = the density of the fluid, 0.97 gn)/ cmf’;
g = the gravitation constant, 980 cm/s squared; and p = 9.8 poises is
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the viscosity. The average value of b was found equal to 0.085 cm, which
yields k,, = 0.236 cm/s, and a value of unity was adopted for the porosity
f of the model.

Equivalent Field Permeability.—Details of derivation of the procedure for
computing the field permeability equivalent to a given model dimensions and
fluid properties are described in Refs. 3 and 4. Only brief computations
for equivalent field permeability are described. The ratio of model velocity
V. and field velocity, V, is

_Vm _brag

\'4 3kp,,

.............................

The fluid in the field is assumed to be water and same gradients are assumed
in the model and in field. For the properties of the aforementioned fluid

0.97 x 980 b?

4 3x98 &k k

As an illustration, assume a flood of 20 ft height simulated in the model
by 10 in., then the ratio of heights is L, = 1/24. For a flood of a 4-week
(4 X 605,000) duration, simulated in the model by about 20 min the ratio
of times, T, = 1,200/(4 x 605,000). Therefore

........................

vV, = L. e B A e 10 hoq s T[T ot s A oo ot ol | Lo B H (16)
T"
Equating Eqs. 15 and 16
b2
33 —k— Sk 's p ol 060 HRERN O S b o0 a5 o b BRI ALE B Bl b 17
which for b = 0.085 cm, yields an approximate field permeability of
K=R258x510acmY/ sTPRn s, T e insni e e e e oy (18)

which is representative of permeability of fine sands in the Mississippi riverbanks
under consideration.

Finite Representation of Infinite Media.—An important question arises as
to what extent of the flow region should be discretized for the finite element
solution. During the laboratory tests, it was observed that the changes in
the reservoir head did not affect significantly the movements of the points
in regions at a distance of about 10 times the total magnitude of change
in the external level. In other words, for the model test (Fig. 4) the total
change in external head was 25 cm. Around distances of about 200 cm measured
from the final point reached after drawdown (in this case the toe of the
model), the free surface did not experience significant movements during
the drawdown. In order to further examine this observation, numerical results
from the finite element analysis for three different distances, 190 c¢m, 220
cm, and 250 cm were obtained. On the basis of the experimental and numerical
results, it seems that acceptable solutions can be obtained by placing the

T
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end boundary at a distance of about 8 H-12H from the final drawdown (Fig.
in which H = total drawdown. 4

4 Ai?mpervious bottom boundary is physically a.vailat?le. for the viscous flow
model. However, for deep porous media in the f.leld, it is necessary to select
adequate location for the bottom boundary (I:Tlg. 6) which is assun;ed. to
be impervious in the formulation. On the basis of thc? numerical so ut19n,
it was observed that at a depth of about 4H from the fmal drawdown pom:f,
the computed heads along vertical sections showed little chapge. Thus,.

the bottom boundary is located in the Frang6e) of about 3 H-6H, it can provide

roximate impervious boundary (Fig. 6).

anl:;n[:ipteoElement :nalysis.—The end boundary was placed a? 220 cm from
the toe. The finite element mesh is shown in Fig. 4. It cqnt?ms 30 elerqents
and 44 nodes. As in a problem of this nature, the variation of gradients
in the zones away from the entrance face is not severe, a rather coarse
mesh is adopted in those zones. The time interval At = 1_0 sec was adoptqd
for the results in Fig. 5(b). The external drawdown history is shown in

Fig. 5(a).

TOTAL DRAWOOWN = H FINAL DRAWDOWN POINT

8H-12H

END BD(INDARV\1
1
|

ta

Fig. 6.—Discretization of Infinite Porous Media

BOTTOM BOUNDARY

The question of boundary assumptions at the discretized end boundary
is analyzed subsequently. For the viscous flow model, the nodes on the
end boundary were fixed, but the heads at those nodes »Yere permitted to
vary. Fixing of the nodes on the end boundary was guided by the fact
that the free-surface points around that distance did not move.s1.gmf1cantly
during the drawdown. Fig. 5(b) shows a comparison betvyeen the finite element
solution and the experimental results for a typical time le.vel of _ 900 sec
during drawdown. The correlation between the two results is considered to

ood.
beEgm::nple 2, Comparisons with Field Observations.—The U.S. {\rmy Corps
of Engineers has installed piezometers along a number of sectlor}s on the
Mississippi River. The histories of river stages and ?he correstpondmg he?ds
of water in the piezometers are recorded over periods of time. A typlce}l
history at a section called Walnut Bend 6 for a Part.of .the year 1965 is
shown in Fig. 7 (1). This figure indicates the va.riatnqn in river level and the
corresponding heads in two piezometers A and B installed in a well at. a
distance of about 30 ft from the top of the bank. Fig. 8 shows the location
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of the piezometers, the cross section of the river at Walnut Bend 6, and
the log of borings at the section. The bank at this section consists of
predominantly silty fine sand (ML). The U.S. Army Corps of Engineers has
performed investigations (12,13,15) for evaluation of the permeabilities and
porosities of the soils in the regions in the vicinity of the Mississippi River.
The coefficient of permeability and the porosity of the soil at Walnut Bend
6 section were estimated to be of the order of 10 x 107% cm/s to 20 x
107 cm/s (2.84 ft/day to 5.68 ft/day) and 0.4, respectively.

190
)
S 180}
= g uPIEZ. 4
B PIEZ. B Co—0 eIl
Z 170HNIPIEZ. A ; ~e—p- =0
° RIVER STAGE =0-—0"] NS
= o
a 160 I 1
] _USED IN ANALYSIS
w PIEZ. B [ [

150 y

MAR 2| APR 10 APR 30 MAY 20 JUN 9 JUN 29

TIME, DAYS, 1965

Fig. 7.—History of River Stages and Piezometer Heads at Walnut Bend 6 (From
Ref. 1)

DISTANCE, FT

50 0 50 100 150 200 250 300
220 |
S [ ~450,,, RIVER
~ 180 w'vér\-
i t—PIEZ A 427/,
Z | 447'50 co,
5 < PIEZ. B MR T prarries
= 140 } } S
£ f L_ML (SILTY, FINE SAND) —
w
] " l
W

100

Fig. 8.—Cross Section at Walnut Bend 6 and Boring Log (From Ref. 1)

The drawdown in the river level from April 30 to May 30, 1965 (Fig.
7) was considered for the analysis herein. In this time period of 30 days
the river level fell from about El. 187.5 to El. 167.5, at an average rate
of about 0.67 ft/day. Assuming that the section was porous to a large distance
across the river and assuming that the flood stayed long enough for the
free surface to develop, the steady-free surface was estimated as shown in
Fig. 9. Such steady-free surface can be estimated either on the basis of
experimental observations (4) or from,a conventional analysis (10) or by using
the finite element method (2,18), or by using other numerical techniques (6).

T

sM 1 SEEPAGE ANALYSIS 1153

The section in Fig. 8 was idealized as shown in Fig. 9 and the mesh
contained 48 elements and 63 node points. On the basis of the observation
of the model tests stated above, the infinite bank was represented by a
finite region (Fig. 9) which was terminated at 400 ft from the toe of the
bank. This distance was about 13 times the maximum fall H = 20 ft in
the river level, as measured from the final point of drawdown. The bottom
boundary was placed at a distance of about 4H measured from the final

gEL 187.5 @ @ @ a /N':I:L FREE SURFACE

TOTAL DRAWDOWN i 6712
=H N 30 DAYS WA
£ K75 + PIEZ. A (170.0)
= /
RIVER 7
L LINE—TINEZ A piEz. 8 (194.0)
- NOD! D‘l‘
3 /A
% @ ZV
g LEeEnd
3 & 0 NODES END BOUNDARY —]
A ELEMENTS
. RS o I R 00l
J 35 a0 60 80 100 120 140 60 180 200 220 240 260 280 300 320 340 360 380 400

DISTANCE, FT

Fig. 9.—Finite Element Mesh for Idealized Walnut Bend 6 Section

— k=10X10~4 CM/SEC

= INITIAL FREE SURFACE
I | S Térf—:m——
, FREE SURFACE AFTER
20 DAYS

COMPUTED AND FIELD
HEADS IN PIEZOMETERS PERIEZSE

K CM/SEC

eio2a) PIEZ. A | PIEZ. B et

1.0 182.0 178.0 At=0.25 DAY

10.0 1770 176.5

20.0 176.0 175.0

FIELD 178.5 176.0

a. AFTER 20 DAYS

INITIAL FREE SURFACE

EL 167.5 e S vkl ——
K=20X10~4 cwszc/. PIEZ. A FREE SURFACE AFTER
COMPUTED AND FIELD + PIEZ. B 30 0AYS
HEADS IN PIEZOMETERS
K CMSEC] Pz A | PEZ. B 2hta0

1.0 179.0 175, 4£=0.25 DAY

1.0 172.0 171,

20.0 170.0 169.

FIELD 174.5 172,

b. AFTER 30 DAYS

Fig. 10.—Comparisons of Computed and Field Heads in Piezometers at Walnut
Bend 6

drawdown point. At the end boundary, the nodes were fixed but the nodal
heads were permitted to vary. A time interval At = 0.25 days was adopted.
Comparisons.—Fig. 10 shows location of the free surface at typical time
levels of 20 and 30 days during drawdown for k = 10 x 107* and 20 X
10~ cm/s. The piezometers A and B are located at approximate elevations
of 174.0 and 154.0, respectively. Their locations are marked in Fig. 9. In
Fig. 10 are shown the computed values of heads in the piezometers in comparison
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with the field observations. The computed values were averaged from the
heads at the nodes in the vicinity of a piezometer at a certain time level.
The computed values of heads for the foregoing range of permeability at
the Walnut Bend section show good correlation with the field observations.
The correlation between the numerical and field results is better in the initial
times during drawdown than in the final times. Also, for the field permeabilities
of 10 to 20 x 107* cm/s, the movement of the free surface seems to be
faster compared with the observed piezometer heads. The movement slows
down as the permeability decreases; this is indicated from the computed
heads (Fig. 10) for k = 1 X 10™* cm/s. Overall, in view of the precision
that can be obtained in estimating k and f values and in field measurements
of heads, the correlation is considered to be good. Similar analyses and
correlations for such other locations as King’s Point along the Mississippi
River have also been obtained (4).

Effect of End-Boundary Assumptions on Numerical Solution.—Depending upon
the geological and geotechnical properties of a given site, the flow situation
at the assumed finite boundary at the end section will differ. Three different
types of boundary assumptions are delineated herein: (1) Variable nodes with

END soumupr\l FREE SURFACE
| |
+ /y J\
[y 4 i
! YvariasLe |Fixeo- FIXED
'Y ___+ \variaBLE __+
]
L 4 ¢ Y
Yy

a. CATEGORY I. VARIABLE b. CATEGORY 1II. FIXED c. CATEGORY TIH. FIXED
NODES- VARIABLE HEADS NODES-VARIABLE HEADS NODES - FIXED HEADS

Fig. 11.—Various End-boundary Assumptions in Discretized Pervious Banks

variable heads; (2) fixed nodes with variable heads; and (3) fixed nodes with
fixed heads. These three categories are shown schematically in Fig. 11. The
first condition implies that the free surface extends beyond the end section;
the second condition could imply an impervious end with fixed location of
the nodes; and the third category implies an equipotential at the end section
and possibility of continuous recharge at the end section.

Fig. 12 compares the solutions for the mesh shown in Fig. 9 for the three
different categories. The results shown are for a typical time level of 20
days, k = 5.64 ft/day and f = 0.4. The figure shows the movement of
typical nodes 14, 28, and 56 for the three categories. The vertical coordinates

or height of the nodes for various time levels are plotted; whereas, the horizontal .

coordinates are shown in the parentheses.

The results for the first two categories show no significant difference.
The results for the third category are significantly different from the other
two. Both the first and second category seem to be suitable for long pervious
banks. In the foregoing analyses, the second category is adopted. This
assumption also permits some reduction in computations. The assumption
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in the third category would be suitable for analysis.of drawdown on a f.ace
of a dam when the water level at the other face remains constant and provides
n equipotential. B JL e

i A:alyI;is for Different Permeabilities.—The banks of the Mnssnssn.pl.n River
in the zones of interest usually contain fine sands. The coefficients of
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Fig. 12.—Comparisons of Movements of Typical Free-surface Nodes for Various
Categories (Fig. 11)

permeability for these sands are assumed to fall in th; range of 1 X }0"‘
cm/s (0.284 ft/day) to 100 X 10~* cm/s (28.4 ft/day). Fig. 13 shows locations
of free surface for mesh in Fig. 9 at typical time levels of 20 and 30 days
for different coefficients of permeability, 0.284 ft/day, 2.84 ft/day, 5.68 ft/day,
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16.4 ft/day, and 28.4 ft/day. The results for k = 2.88 ft/day lie between
those for k = 1.44 ft/day and 7.2 ft/day. The porosity was assumed to
be equal to 0.4. It can be seen that the free surfaces moves faster with
increasing permeability.

Nonhomogenities in Bank.—In the cases where the free surface does not
cross an interface between different soils in a bank, the proposed procedure

k‘ § R\ § could be directly applied. Certain modifications would be required in the
l § & Y L\ o event of horizontally layered soil systems in a bank. in which the free surfac.e
I N 18 g I 18 traverses an element made up of two or more different materials. In this
w ||| A PY 3 ‘ o event, a simple procedure would be to assign an equlvalen} permeab.lhty %o
g |‘| o 18 i 13 an element in proportion of the areas of different materials contained in
R I : 8 < ‘ % the element.
Gy i1 S AT 4 8
S s H}/ le 1] ‘1 4 Is 2 DESIGN ANALYSIS
I X 3 2 £
?Q 't ||| g 18 | It S IF; '§ For a given section containing predominantly homogeneous materials, the
f\,‘ \l “Q g \+ HI S & £ designer can adopt the foregoing procedures. Any drawdown variation in
R ¥ ; 18 g“ § 18 & the river head can be input and the free surface at desired time levels can
\-I ' N b .l‘<’||1 W > 2 be computed. The program can also yield nodal heads in the flow domain.
t h ) 12 ISHl / i 2 The information on free surface and on nodal heads could permit construction
1% & s 111"/ QY v S of a flow net which can in turn be used for computation of seepage forces
| l‘"/ 18 : | % g, > 5 and quantity of flow at various time levels.
¢ "\ 70 |%| “‘t_ -3 }; For sections and rates of drawdown of common occurrence, a set of design
“ .,E‘, § o { % 88 ol & curves could be obtained. However, this aspect would require further study
S % ‘l}' 3 “‘E ™ ,E, in view of the fact that to evolve general design curves, a large number
le L 18 ¥ . Y i3 2 ,',', 3 of analyses must be performed in which a large number of problem parameters
|~ X o N § i e 2 need to be varied. Some projections on possible design curves are briefly
o 8 2 | K 1 § described.
N ”[ * * 5 Fig. 14 shows travels of the exit point, node 7, and of two typical nodes,
*§ ] |l {2 :’,’ 28 and 35 (Fig. 8) with various permeabilities of the medium. The rate of
ot 3 drawdown and the upstream slope are as shown in Figs. 8 and 9. The movements
1Q 12 | depicted in Fig. 14 are along the nodal lines, 1, 3, and 5. The nature of
el b the curves in Fig. 13 indicates possibility of fitting a mathematical function.
8 18 ig’ A possible mathematical function seems to be a hyperbola of the form (5,14)
k
S lo o Frl,
3 Yo=Y T T o i 8 SNl (e o, T G 0 0 o 19
[
h: 3 in which y, = initial head from where drawdown starts; y = height of a
o = free-surface point; k = permeability; A = reciprocal of the gradient at y ;
3 < and B = reciprocal of the asymptote which denotes the final height to which
9 " the point may have reached. The time dependence may be incorporated as
‘ i kCt" o
o & Yom ¥ T o P i S el R ARt G SR SO 1

in which 1/A = Ct"; C = parameter determined from a plot of g , the
initial gradient; and ¢ = time in days. Determination of the parameter A,B,C,
and n for a number of points for a given section and ratio of drawdown
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can permit evaluation of travel of the points during drawdown from Eq.
20. The free surfaces can be sketched on the basis of the positions of a
pumbe.r of such typical points. This suggestion however, will require further
investigations and validation.

Computer Programs.—Although the formulation has been employed only
for transient unconfined seepage under gradual drawdown conditions, it is
general and can be conveniently used for other categories of seepage such
as steady confined and steady unconfined seepage. A set of computer codes
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L o
1] 26 30 70 80 %0 0o xi0™*
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c. MOVEMENT OF NODE 35, NODAL LINE 5

Fig. 14.—Movements of Typical Free-surface Nodes

have been developed at WES to handle these categories (2). It is found
that these codes are efficient and compact. For instance, on the GE 430
computer which is a relatively slow machine, the entire problem of tracing
the .history of free surfaces for the Walnut Bend section took about 15 min
qf time at a cost of about $30. This time includes both compile and execution
times. On a faster computer, the computational time could be reduced. The
code do not use tapes and the banded equation set is solved by using symmetric
Gauss-Doolittle procedure (5).
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COMMENTS

The time integration scheme used here is essentially similar to the forward
difference procedure, and is subjct to numerical instability beyond a certain
range of discretization. A number of factors such as spatial and timewise
subdivision, permeability and rate of drawdown or rise of external fluid head
can influence the stability behavior. Within the range of spatial and temporal
discretization an user may adopt irrespective of the integration scheme, the
proposed procedure provides solutions of acceptable accuracy. For instance,
in the foregoing practical problem, an user may not usually adopt a mesh
coarser than that shown in Fig. 9, and a time interval smaller than 0.25
day or 0.50 day. It seems that within a practical range of discretization,
the class of problems is not significantly affected by the order of the time
integration nor by the order of the approximating model for the fluid head
(4). The general question of the choice of the scheme with optimum economy
and accuracy from among a number of available numerical schemes for a
given class of problems is wide in scope and is affected by a number of
factors which will require detailed investigations.

The formulation presented herein is applicable also to axisymmetric idealiza-
tions. Moreover, the procedure can be conveniently extended for three-dimen-
sional analysis (9). A three-dimensional analysis may not be economical with
the capabilities of the present generation of computers. Fortunately, many
practical problems can be solved by using plane and axisymmetric idealizations,
and a three-dimensional analysis may become necessary for special problems
such as seepage through junction of dam and abutment.

The formulation yields satisfactory results for the range of permeabilities
considered. For highly porous materials with non-Darcy flow, the formulation
may need modifications, McCorquodale (16). The isoparametric element is
found to facilitate formulation and computational efforts. Only in the cases
when an element is highly narrow and not well conditioned, computational
difficulties may arise.

CONCLUSIONS

The problem of unsteady unconfined seepage in porous media is solved
by using a finite element procedure. The changing free surface is located
by computing movements of the nodes on the free surface and by using
an iterative scheme. The numerical solutions are in good agreement with
laboratory tests and with field observations. Various boundary assumptions
possible in long porous banks are examined. Consideration is given to the
significant question of discretization of infinite media. Attention is directed
toward developing an economical computer procedure for design analysis.
On the basis of a number of numerical solutions, it is believed that a reasonable
mesh with a lower order approximating function such as the one used herein
(Eq. 5), would provide a solution with acceptable accuracy and economy.
For engineering solution, it may not be necessary to use higher order
approximating functions which involve greater computational and formulation
efforts. Finally, the satisfactory correlation between the numerical solutions
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and field observations would enhance the usefulness of the finite element
method for practical stability analysis of banks and dams.
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APPENDIX il.—NOTATION

The following symbols are used in this paper:

A = functional;
[ B] = matrix;
b = half width of gap in viscous flow model;
f = porosity; "
g = gravitational constant, gradient of fluid head;
{g} = vector of gradients;
[J] = Jacobian matrix;
[K] = assemblage permeability matrix;
k = coefficient of permeability, L/ T;
[ k] = element permeability matrix;
L, = ratio of lengths;
[N] = matrix of interpolation functions;
Q = fluid flux;
{q} = vector of nodal heads;
{R} = assemblage forcing parameter vector;
[ R] = matrix of permeabilities;
{r} = assemblage nodal head vector;
S = boundary;
s = natural coordinate;
T, = ratio of times;
t = time coordinate, natural coordinate;
u = displacement of free surface;
V = Darcian velocity, volume;
V, = particle velocity;
V, = velocity ratio;
{V} = vector of components of velocity;
x = space coordinate;
Y = elevation of free surface;
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y = space coordinate;

a = angle of nodal line;

B = angle between normal to free surface and nodal line;
0 = slope at a point on free surface;

p = viscosity of fluid;

p = fluid density; and

y = fluid head.
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Strength Properties of Chemically Solidified Soils

By James Warner,' M. ASCE

INTRODUCTION

Although chemical grouting is not new, the great preponderance of applications
have been for the primary purpose of subsurface water cut off. Similarly,
the majority of past research and literature have been directed toward such
practice. Another important use for chemical grouting, although not as well
documented, is the in-place strengthening of a soil mass. In spite of the
fact that considerable work has been done for this purpose, relatively little
data have been developed concerning the strength properties or behavior of
chemically solidified soils. In fact, strength increase of soil has often been
considered an additional benefit of grouting, being secondary to water cut-off.
Accordingly, many manufacturers of chemical grout and grouting specialists
themselves have emphasized the use of their products for water control work
and relatively little has been done to formulate or evaluate chemical grout
materials specifically for use in strength increase applications. Although several
authors have attempted to compare the strength properties of solidified soils
utilizing various chemical grout materials and systems; the resulting data have
often been misleading, due to a total lack of uniformity of test specimen
preparation, curing time and environment, and method of testing.

Though many chemical grout systems are used for strength increase, as
well as water control, the requirements differ very fundamentally for each
purpose. The formation of soft flexible gels and the ability to be used with
very short gel times are frequently advantageous in water control work.

Note.—Discussion open until April 1, 1973. To extend the closing date one month,
a written request must be filed with the Editor of Technical Publications, ASCE.
This paper is part of the copyrighted Journal of the Soil Mechanics and Foundations
Division, Proceedings of the American Society of Civil Engineers, Vol. 98, No. SM11,
November, 1972. Manuscript was submitted for review for possible publication on
September 30, 1971.

'Pres., Warner Engineering Services, Intrusion Pressure Grouting Specialists, Los
Angeles, Calif.
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