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ENGLISH-SI CONVERSION FACTORS

In accordance with the October 1970 action of the ASCE Boarsi of Direction, which sta.ted
that all publications of the Society should list all measurements in both customary (Engl(;sh)
and SI (International System) units, the list below contains conver§1on factors to enable rea\d e.rs
to compute the SI unit values of measurements. A complete gufde to th.e S sy'stem an .1ts
use has been published by the American Society for Testing & Matenals. Copies of this pubhcatlgn
(ASTM E-380-1972) can be purchased from ASCE at a price of 75¢ each; orders must be
Pr?l?l:l-nhors of Journal papers are being asked to prepare their papers in this. dual-unit forma.t.
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table of conversion factors:

Multiply
To convert To by
inches (in.) millimeters (mm) 25.40
inches (in.) centimeters (cm) 2.540
inches (in.) meters (m) 0.0254
feet (ft) meters (m) 0.3(;5
miles (miles) kilometers (km) 1.6
yards (yd) meters (m) 091
square inches (sq in.) square centimeters (cm?) 6.45
square feet (sq ft) square meters (m?) ggg?;
square yards (sq yd) square meters (mi) 7.
acres (acre) square meters (m?) 4047.
square miles (sq miles) square kilometers (km?) 2.59
cubic inches (cu in.) cubic centimeters (cm?) 16.4
cubic feet (cu ft) cubic meters (m?) 0.028
cubic yards (cu yd) cubic meters (m?) 0.765
pounds (Ib) kilograms (kg) 0.453
tons (ton) kilograms (kg) 907.2
one pound force (Ibf) newtons (N) ;g
one kilogram force (kgf) newtons (N) 4
ounds per square foot (psf) newtons per square
{ meter (N/m?) 47.9
ounds per square inch (psi) kilonewtons per square
; i meter (kN/m?) 6.9
gallons (gal) cubic meters (m?) 0.0038
gallons (gal) liter (dm?) 123’;.8
acre-feet (acre-ft) cubic meters (m?) .
gallons per minute (gpm) cubic meters /minute (m>/min) 0.0038
newtons per square
meter (N/m?) pascals (Pa) 1.00
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THREE-DIMENSIONAL FINITE ELEMENT
ANALYSES OF DaMs

By Guy Lefebvre,' James M. Duncan,? M. ASCE,
and Edward L. Wilson,* M. ASCE

INTRODUCTION

In the few years since its development, the finite element method has been
widely used for studying many different type soil mechanics problems. Up
to the present time, virtually all of the analyses performed have been two-dimen-
sional or axisymmetric, for two reasons: (1) Many soil mechanics problems
can be closely represented by conditions of plane strain or axially symmetric
deformation; and (2) the available three-dimensional finite element computer
programs have required large amounts of computer time, even for meshes with
few nodal points and elements, and as a result it has not been feasible to
solve many three-dimensional problems.

Wilson (2) has recently developed a three-dimensional finite element computer
program which is efficient enough so that it can be used to solve many three-
dimensional problems at costs for computer time comparable to those for two-
dimensional analyses. The availability of this program and the prospect of even
more efficient programs in the near future will undoubtedly make it possible
to solve three-dimensional problems routinely.

Even when three dimensional finite element analyses can be done on a regular
basis, however, it will still be desirable to perform two-dimensional analyses
for those conditions for which they are sufficiently accurate, because two-dimen-
sional analyses will always require less man-time and less computer time than

Note.—Discussion open until December 1, 1973. To extend the closing date one month,
a written request must be filed with the Editor of Technical Publications, ASCE. This
paper is part of the copyrighted Journal of the Soil Mechanics and Foundations Division;
Proceedings of the American Society of Civil Engineers, Vol. 99, No. SM7, July, 1973.
Manuscript was submitted for review for possible publication on September 12, 1972.

'Asst. Prof., Sherbrooke Univ., Sherbrooke, Quebec, Canada.

2 Assoc. Prof. of Civ. Engrg., Univ. of Calif., Berkeley, Calif.
*Prof. of Civ. Engrg., Univ. of Calif., Berkeley, Calif.
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three-dimensional analyses. Thus it is of considerable interest to determine those
conditions for which two-dimensional analyses can be effectively used. For
example, in the case of embankment dams, two-dimensional (plane strain) analy-
ses provide an accurate representation of conditions in centrally located trans-
verse sections of long dams of uniform cross section, and there is no reason
to use three-dimensional analyses to study the stresses or movements under
such conditions. However, plane strain analyses may not provide a suitable
representation of the transverse section for dams in steep-walled valleys, because
of the effects of cross-valley arching. Similarly, there is doubt concerning the
accuracy of either plane stress or plane strain analyses of the longitudinal sections
of dams, as the thickness of a dam perpendicular to the longitudinal section
(i.e., measured from upstream to downstream) varies from the top of the dam
to the bottom.

The purpose of this paper is to show the accuracy with which two-dimensional
analyses may be used to study stresses and movements in dams in V-shaped
valleys. This is done by comparing the results of plane strain analyses of the
transverse sections, and the results of both plane strain and plane stress analyses
of the longitudinal sections, with the results of three-dimensional analyses of
the dams. These comparisons are prefaced by a description of the characteristics
of the elements used for the three-dimensional analyses, a summary of the
assumptions employed in the analyses, and a summary of the results of the
three-dimensional analyses.

ELemenT CHARACTERISTICS

A quadrilateral element of arbitrary geometry was used for the two-dimensional
plane strain analyses. This element degenerates to a triangular shape in order
to represent the geometry at the boundaries of the dam. The basic three-dimen-
sional element used was an eight-node isoparametric element. The displacement
field assumptions for these elements are given in Ref. 2. Basically the displace-
ments are assumed to vary linearly. However, additional degrees-of-freedom
have been used internally, which greatly improve the accuracy. Both of these
types of elements have been incorporated into a general three-dimensional struc-
tural analyses program. Because of the general mesh generation options within
the program, it was not necessary to develop a special program for dam analyses.

THree-DiMENSIONAL ANALYSES OF DAms

Dams Analyzed.—Analyses were performed for dams in V-shaped valleys with
three different valley-wall slopes, 1:1 (1 horizontal: 1 vertical), 3:1, and 6:1
as shown in Fig. 1. Although the valley wall slopes were different for each
case, the fill slopes were the same (2.5:1) in all three cases. Each of the dams
was 160 ft (49 m) high, and was represented by eight layers of elements of
uniform thickfess, as shown in Fig. 1.

Assumptions.—Linear elastic material properties were used in the analyses,
with Young’s modulus, E = 100 tons/ft? (9,580 kN /m?), and Poisson’s ratio,
v = 0.4. The unit weight of the fill, y, was 125 pcf (19.6 kN/m?). Clough
and Woodward (1) have shown that values of stress, calculated using linear
elastic stress-strain characteristics, vary in proportion to the unit weight of
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Valley Wall
Slope = I:1

Valley Wall
Stope = 3:t

Valley Wall
Slope = 6:1

FIG. 1.—Dams Analyzed
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FIG. 2.—Contours of Values of Major Principal Stresses o, in Transverse Section
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall slopes
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the fill and the height of the dam, and are not affected by the value of Young'’s
modulus. The values of calculated displacement vary in proportion to the unit
weight and the square of the height of the dam, and in inverse proportion
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FIG. 3.—Contours of Values of Minor Principal Stress o ; in Transverse Section Calcu-
lated Using Three-Dimensional Analyses with Three Different Valley Wall Slopes
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Using Three-Dimensional Analyses with Three Different Valley Wall Slopes

to the value of Young’s modulus. These facts may be used to derive from
the results of a linear analysis the results for a dam of similar shape, but with
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FIG. 5.—Contours of Values of Vertical Displacement in Transverse
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a different height and consisting of a material with different values of unit
weight and Young’s modulus. The value of Poisson’s ratio used also affects
the calculated stresses and displacements, but in a more complex manner.

Both the two-dimensional and the three-dimensional analyses were performed
using incremental analysis procedures, in which placement of successive layers
of fill in the dam was simulated one at a time. Each step of the analyses
represented placement of one of the eight layers of elements shown in Fig.

(9sKn/aty
s2)
(28n
(383)

1V e/t

(479)

= it N (575)
Volley Wall Siope = | ’)'6‘/ o)

Valley Wall Slope = 3:1

M2 196 N/nf )
2 w2y
3 @8
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s (a79)
6 (579)

Volley Wall Slope = 6°1

FIG. 7.—Contours of Values of Major Principal Stress o, in Longitudinal Section
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall Slopes
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FIG. 8.—Contours of Values of Minor Principal Stress o, in Longitudinal Section
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall Slopes

1. The newly placed elements were assigned values of vertical stress commensu-
rate with the overburden pressure at their centroids, and values of horizontal
stress equal to the overburden pressure multiplied by v/(1 — v). The displace-
ments at the upper side of the newly placed elements were set equal to zero,
in effect taking their positions immediately after placement as the zero positions
for determination of movements. The nodal points along the bottom of the
dam were fixed, simulating the condition of no slip between the dam and the
adjacent valley wall.
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Results for Transverse Sections.—Values of the stresses and displacements
in the transverse section calculated in the three-dimensional analyses are shown
in Figs. 2 through 6. In each figure, the results are shown for the three valley
wall slopes analyzed, with the results for the 1:1 valley wall slope at the top,
the 3:1 slope in the center, and the 6:1 slope at the bottom.

The effect of the valley wall slope on the values of major principal stress
o, may be seen in Fig. 2. (The values of o, and o, shown in Figs. 2 and

5 /12 (a8 xnmd)

2
~(a8 KA

1O (98)

Valley Wall Slope = 3:1 (96)

Vailey Wall Slope = i:!

1a9)

05 1m? (a8 kN/m?) ——]

1O (96)

W

FIG. 9.—Contours of Values of Maximum Shear Stress Tmex i Longitudinal Section
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall Slopes
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FIG. 10.—Contours of Values of Vertical Displacement u, in Longitudinal Section
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall Stopes

3 are the values of maximum and minimum principal stress in the transverse
plane.) Although the values of o, in the upper part of the dam are very nearly
the same in all three cases, the values near the base of the dam are smaller
for the steeper valley wall slopes, indicating a significant degree of cross-valley
arching within the dams in the steeper valleys. The values of minor principal
stress, o,, shown in Fig. 3 indicate a similar influence of valley wall slope,
with the values near the base of the dam decreasing with increasing steepness
of the valley wall. Similarly, the values of maximum shear stress, 7., shown
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in Fi be seen to follow the same pattern.

o TFtllge :ettrtll?:nents or vertical displacements, u , are shown by thedconltours
in Fig. 5. These movements are due to the compression of the alrea: ﬁ' P atct:f :
material under the load of the material aboye, and thus f:orrespond to the sethet
ments or vertical movements in dams during co.nstx:nctlon.. It may be seer; : ;e
the magnitudes of the settlements decrease with mcreasmg“steepnes,s’ o e,
valley wall, indicating a stronger tendency for Fhe dgm 'to hang ull: c:n i
steeper valley walls. The contours shown in Fig. 6 indicate that the steep

TABLE 1.—Comparison of Plane Strain and Three-Dimensional Results for Transverse
Section

(PLANE STRAIN VALUES/3-DIMENSIONAL VALUES) 100%

Valley wall slope 1= 341 6:1

Average | Variation | Average | Variation | Average Variation
(1) (2) (3) (4) (5) (6) (7)

100-129 | 102 | 100-113 | 101 | 98-109

P 1;3; 79-125 | 96 | si-111| 97 | 88-100

e 138 | 108-225 | 112 | 100-150 | 108 | 100-150

. 136 | 91-156 | 106 | 85-114 | 100 | 85-105

u, 268 | 75-435 | 120 | 80-149 | 105 | 85-120
h

Walt S =l
Valley Wall Slope = 3:1 Volley Wall Slope

0.081t (0.08m)

0.101t (0.030m).

i i in Longitudinal Section
FIG. 11.—Contours of Values of Horizontal Displacement u,, in
Calculated Using Three-Dimensional Analyses with Three Different Valley Wall Slopes

Voliey Wall Slope = 6:1

valley walls also tend to restrict the horizontal movemgnts, Uy These effe::ltls
are consistent with the cross-valley arching noted previously in regard to the
Strl:i;zlst:;::l ;::gtsu;dinal Sections.—Contours of the str'esses.and displacements
in the longitudinal sections calculated in the three-dimensional analyses arc;
shown in Figs. 7 through 11. It may be seen that the calculated values llo
o, shown in Fig. 7, increase uniformly with depth except near the valley walls.
(The values of ¢, and o, shown in Figs. 7 and 8 are the values of maximum
and minimum principal stress in the longitudinal plane.) The values of o, at
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the bottom of the dam are smallest for the dam in the steepest valley, indicating
some degree of cross-valley arching. The calculated values of o;, shown in
Fig. 8, are affected in a similar way by valley wall slope. The calculated values
of 7., shown in Fig. 9, reach slightly larger values for the dam in the steepest
valley than for the dams in the flatter valleys.

Contours of settlements or vertical displacement u, during construction are
shown in Fig. 10. In each of the three cases shown the variations are similar,
but the maximum value, near the center of the section, is smaller for the dam
in the steepest valley as a result of cross-valley arching. The maximum values
of u, for the dams in the valleys with 3:1 and 6:1 valley wall slopes are about
the same, indicating that the effects of the valley walls are small in these cases.

Contours of the calculated horizontal displacements, u,, are shown in Fig.
11. It may be seen that the maximum value of u, in the dam in the valley
with a 3:1 valley wall slope is larger than that for either the flatter or the
steeper valley wall slope. It is believed that this occurs because there are two
counteracting effects of increasing valley wall slope: (1) There is a greater ten-
dency for horizontal movement (note that if the base of the dam was horizontal
there would be no horizontal displacements in the dam during construction);
and (2) as the valley walls become steeper, they offer greater restraint against
movement (note that if the dam was a very thin wedge in a valley with very
steep walls approaching vertical, there would be almost no horizontal displace-
ments in the longitudinal section during construction). As a result of these two
counteracting influences, the magnitude of the horizontal displacement first in-
creases and then decreases as the valley wall slopes become steeper.

ComparisoN of REsuLTS oF Two-DiMENSIONAL AND THREE-DIMENSIONAL ANALYSES

In addition to the three-dimensional analyses described previously, two-dimen-
sional analyses of the same dams were also performed. A plane strain analysis
was performed for the transverse section, which was the same for all three
cases, and both plane stress and plane strain analyses were performed for the
longitudinal sections. The same procedures and material property values were
employed as for the three-dimensional analyses.

For purposes of comparing the results of the two-dimensional and three-dimen-
sional analyses, the values of stresses and displacements calculated by the two-
dimensional analyses were expressed as percentages of the values calculated
by the three-dimensional analyses. This was done for the stresses in each element
and the displacements at each nodal point. The results were found to be consis-
tent except for the nodal points on the slopes and the elements adjacent to
the slopes, where the variations were extreme and erratic. Detailed study showed
that these large variations occurred for two reasons: (1) The calculated values
of stress near the slopes were small, and differences in values which were
not large, compared with the significant stresses in the dams, nevertheless indi-
cated large percentage differences; and (2) the triangular-shaped elements adja-
cent to the slopes were rather stiffer than appropriate, and therefore tended
to restrict the deformations. It was considered that the best interpretation of
the results could be made ignoring the values for these triangular elements
and the nodal points along the slopes. Therefore, in the tables of values presented
in subsequent sections, the results shown do not include the nodal points on
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the slopes or the stresses for triangular elements adjacent to the slopes.

Transverse Section—Comparison with Plane Strain.—The results for the three-
dimensional analyses and plane strain analyses of the transverse section are
compared in Table 1. The values shown are the average and the ranges of
the plane strain values expressed as percentages of the results of the three-dimen-
sional analyses. The extreme values in most cases correspond to locations within
the section where the absolute values were relatively small, and are therefore
not significant for most purposes. The average values shown are representative
of conditions within a large part of the cross section and are considered to
provide a simple and reasonable basis for comparison.

It may be noted that, on the average, the values of o, calculated by the
plane strain analyses are larger than those calculated by the three-dimensional
analyses, and the values of ¢, from the plane strain analyses are slightly smaller
than those from the three-dimensional analyses. The values of 7, = (1/2)(o,
- g,) calculated by the plane strain analyses are larger in all cases than the
values calculated by the three-dimensional analyses. It may also be seen that
the values of horizontal and vertical displacements calculated by plane strain
analyses are larger on the average than those calculated by the three-dimensional
analyses.

For the dam in the valley with a 6:1 valley wall slope, the percentage dif-
ferences are quite small, and it may be concluded that the assumption of plane
strain for such cases would introduce very little error in the calculated stresses
and displacements. For the dam in the valley with 3:1 valley wall slopes, the
percentage differences are larger, but are still small compared to inaccuracies
in representing the actual stress-strain characteristics of the fill material, and
so might be acceptable for most purposes. For the dam in the valley with
1:1 valley wall slopes, the inaccuracies resulting from the assumption of plane
strain are quite large; the average values of 7, u,, and u, calculated by
the plane strain analyses exceed those calculated by the three-dimensional analy-
ses by 36% or more. Thus it may be concluded that plane strain analyses provide
an acceptable degree of accuracy for most purposes for analyses of the transverse
sections of dams in valleys with valley wall slopes of 3:1 or flatter, but the
errors arising from assumed plane strain conditions for dams in valleys with
steeper valley walls can be significantly larger.

Longitudinal Section—Comparison with Plane Stress.—The results for the three-
dimensional analysis and plane stress analysis of the longitudinal section are
compared in Table 2. It may be seen that the plane stress results are not in
very good agreement with the three-dimensional results, and that the differences
between the two analyses are essentially the same for all three valley wall
slopes. The values of o, calculated by the plane stress analyses exceed those
from the three-dimensional analyses by about 10% in all cases. This difference
may be attributed to the fact that, in making the plane stress analysis, it is
assumed that the thickness of the dam, measured perpendicular to the section
shown in Fig. 7, is constant, whereas in reality the thickness is smaller near
the top. Consequently, the weight of the overlying material above any horizon
in the dam is somewhat greater for the plane stress analyses than for the three-
dimensional analyses, and as a result the values of o, are also greater.

The values of minor principal stress calculated by the plane stress analyses
are smaller than those from the three-dimensional analyses by 15% to 23%.
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This di : Al

b:;:dd;t;lfilrlence is dl'le primarily t? the fact that the plane stress analysis is
€ assumption that there is no restraint to deformation in the direction

normal to the section shown in Fig. 8. Because the values of o

by the plane stress analysis are larger and the values of o, are s]nf;ll?rﬂatt;:

values of v, = (1/2)(¢, — ¢,) are considerabl
y larger. It may be
;l:; l‘;/astl:i frogl the plane stress analyses exceed those from the thr);e-di;zenr;ict)l:;tl
e a)l'sz gut 50% on the average for all three valley wall slopes.
s ;: noted that the values of horizontal and vertical displacement
y the plane stress analysis are greated than those calculated by

TABLE 2.—Comparison of Plane Stress and Three-Dimensional R

nal Section esults for Longitudi-

(PLANE STRESS VALUES /3-DIMENSIONAL VALUES) 100%
Valley wall slope 1:1 3:1 6:1
il Average | Variation | Average | Variation Average | Variation
(2) (3) (4) (5) (6) (7)

g. 109 80-127 110 102-115 111 100-115

° 3 77 20-109 84 60-109 85 63-100

u,,m :49 107-185 149 111-179 149 126-181

uv 60 122-196 173 138-217 172 140-224

h 220 130-1300] 228 139-400 224 139-400

TABLE 3.—Compariso i i
e oms p n of Plane Strain and Three-Dimensional Analysis for Longitu-

(PLANE STRAIN VALUES /3-DIMENSIONAL VALUES) 100%
Valley wall slope 1:1 3:1 6:1
0 Average | Variation | Average | Variation Average | Variation
(2) (3) (4) (5) (6) (7)

g, 111 91-115 110 98-115 110 93-115
;i 3 122 85-130 124 100-136 123 100-135
umx 94 70-117 91 74-105 90 83-107
uv 97 78-113 98 75-120 97 80-124
h 117 72-166 118 75-233 115 71-200

the three-dimensional anal i
yses, the differences am i
% : s ounting to 60% to 70
T ;elslgr:izi;)fr::elncil::l:?mefllts amlil 120% and 130% for the vertical displacerznftzr
1se from the lack i i :

(16 Pt s bt of restraint normal to the section for
1at’:"(}ilebr;;xtll::z(;llasrgefdiflferences between values of stress and displacement calcu

ns of plane stress and three-dimensional indi :
i by . tonal analyses indicates that
I : provide an accurate r i iti
in the longitudinal section of earth dams. s T o e

Longitudinal Section—Comparison with Plane Strain.—The results for the
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three-dimensional analyses and plane strain analyses of the longitudinal section
are compared in Table 3. As was the case for the plane stress analyses, the
values of o, calculated assuming plane strain conditions exceed those from
the three-dimensional analyses by about 10%. The reason is that, in the plane
strain analysis, as in the plane stress analysis, the thickness of the section
is assumed constant throughout its height and as a result the overburden at
any level is greater for the plane strain analysis than for the three-dimensional
analysis.

The values of minor principal stress, o5, calculated by the plane strain analyses
are greater than those calculated by the three-dimensional analysis, by an average
22% to 24% for the three cases analyzed. These differences are believed to
result from the fact that both the overburden and the restraint are larger in
the plane strain analyses. The amount by which the value of o, calculated
by plane strain analyses exceed those calculated by three-dimensional analyses
would be expected in increase as the value of Poisson’s ratio for the dam
material increased.

The values of maximum shear Stress, 7., calculated by the plane strain
analysis may be seen to be slightly smaller than the values for the longitudinal
section calculated by the three-dimensional analyses. The difference is smallest
for the steepest valley wall slope (an average of 6%) and largest for the flattest
valley wall slope (an average of 10%).

The values of vertical displacement calculated by the plane strain analyses
are 2% to 3% smaller than those calculated by the three-dimensional analyses,
although the horizontal displacements from the plane strain analyses are 15%
to 18% larger than those from the three-dimensional analyses.

Thus, although there are some differences in the values of stress and displace-
ment in the longitudinal direction calculated by plane strain and three-dimensional
analyses, it may be seen that the results are in rather good agreement for all
three valley wall slopes. Therefore, even though the conditions in the longitudinal
section might not be expected to correspond very closely to conditions of plane
strain, the values of stress and displacement calculated by plane strain analyses
are not much different from those calculated by the three-dimensional analyses.

SUMMARY AND CONCLUSIONS

Three-dimensional finite element analyses were performed for three dams
in V-shaped valleys with three different valley wall slopes equal to 1: 1593515
and 6:1. These analyses were performed in increments, simulating construction
of the dams in eight steps, using linear elastic material properties. The results
of these analyses were compared with the results of incremental plane strain
analyses of the maximum transverse section and incremental plane stress and
plane strain analyses of the maximum longitudinal section. The results of the
comparisons, summarized in Tables 1, 2, and 3, provide a basis for assessing
the accuracy of the two-dimensional analyses for dams in V-shaped valleys.
Consideration of these results has led to these conclusions:

1. For dams in valleys with valley walls inclined at 3:1 or flatter, plane strain
analyses of the maximum transverse section will provide reasonably accurate
results, but for dams in valleys with valley wall slopes as steep as 1:1, the

sSm7 FINITE ELEMENT ANALYSES

reszult;l;vnli] btc: signifi_cantly less accurate, as a result of cross-valley archin
acc;n-ate re:u;.:s ;tl:alys.es of the maximum longitudinal section do not pri.vidc
secumisyenl tiu- e;i .dxfferences between the values calculated by the plane
three- imensional analyses were quite 1
thg s:;)r?e magm.tude for all three valley wall slopt:ls stid?:(gie TR LAY
acc;lrat:n?o:t;aﬁm :;n;llyses of the maximum longitudinal section proved fairl
poce dop 2 tc;l e valle)f V\(all slopes analyzed. The greatest difference)s,
o el or the minor principal stresses, o,; the values of o, calculated
e ain analyses exceeded those calculated by the three-ziimensi eal
Yy an average of about 23% for the three cases studied on
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Th . . .

e fe:sgézet:;ﬁc;ogr:n:; d\:lpg the course of this study indicates that it would

t { ee-dimensional analyses of d i

s ; ' ams for practical

;uffizi ec:tng::téons were .such that two-dimensional analyses would no‘tm;fgjiedsé

e al::lcy. With the computer program used in this study (2) three-
yses of dams may be performed using a sufficient number

Cccuracy is not im alr i
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